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Motivation: Causal Structure Learning

•  - data matrix 

•  - DAG adjacency matrix 

X ∈ ℝn×k

W

min
W

1
2n

∥X − WTX∥2
F + λ∥vec(W )∥1
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Motivation: Order-based Causal Structure Learning

• DAG constraint is hard 
• Use topological order parametrization 

 

•  - permutation matrix 

•  - strictly upper triangular matrix

W - DAG ⟺ W = PAPT

P
A
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• DAG constraint is hard 
• Use topological order parametrization 
          

• Function  involves optimization - consider as black-boxQ(P, X)

Motivation: Order-based Causal Structure Learning

min
P [ min

A

1
2n

∥X − PAPTX∥2
F + λ∥vec(A)∥1 ]= min

P
Q(P, X)



Optimization w.r.t permutations

•   - permutation 
•  - function, can be black-box 

• Potential use cases: 
• ranking 
• travelling salesman problem 
• order-based causal structure learning

b = (b1, …, bk) ∈ Sk
f(b)

min
b

f(b)



•   - permutation 
•  - function, can be black-box 
•  - distribution over permutations parametrized by  

• Related work: 
• Relaxation to doubly-stochastic matrix (Mena et al. 2018) 
• Relaxation to unimodal row-stochastic matrix (Grover et al. 2019)

b = (b1, …, bk) ∈ Sk
f(b)
p(b |θ) θ

From combinatorial to variational optimization

min
b

f(b) ≤ min
θ

𝔼p(b|θ) f(b)
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Plackett-Luce distribution

 

•   - permutation 
•  - scores 

• Distribution can be seen as sequential generation without 
replacement from the categorical distribution

p(b |θ) =
k

∏
j=1

exp θbj

∑k
u=j exp θbu

b = (b1, …, bk) ∈ Sk
θ = (θ1, …, θk)



Stochastic estimators of the gradient

 

• REINFORCE (Williams 1992) 

• works for any type of variables & arbitrary  

• high variance 

• Reparametrization trick (Kingma et al. 2013, Rezende et al. 2014) 

• works only for continuous distributions & differentiable  

• requires only sampling scheme & low-variance

∇θ𝔼p(b|θ) f(b) − ?
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Gumbel-max trick

zi ∼ Gumbel(θi,1) b ∼ Categorical(θ)

+ H(z) = arg max
i

z ⇒



RELAX for the categorical random variable

Start with the initial expectation 

Backpropagation through the Void: Optimizing control variates for black-box gradient estimation. Grathwohl et al. 2018

𝔼p(b|θ) f(b) = 𝔼p(z|θ) f(H(z)) = 𝔼p(z|θ)[ f(H(z)) − cϕ(z)] + 𝔼p(z|θ)[cϕ(z)]
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RELAX for the categorical random variable

To further reduce variance use conditional reparametrization

Backpropagation through the Void: Optimizing control variates for black-box gradient estimation. Grathwohl et al. 2018

𝔼p(b|θ) f(b) = 𝔼p(b|θ) f(b) − 𝔼p(b|θ)𝔼p(z|b,θ)cϕ(z) + 𝔼p(z|θ)cϕ(z)

• Use REINFORCE 
• Use reparametrization trick
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Gumbel-max trick for the Plackett-Luce

zi ∼ Gumbel(θi,1) b ∼ PlackettLuce(θ)

+ H(z) = arg sort(z) ⇒



Gumbel-max trick for the Plackett-Luce

Reparametrization trick for  derived in the paperp(z |b, θ)

zi ∼ Gumbel(θi,1) b ∼ PlackettLuce(θ)

+ H(z) = arg sort(z) ⇒



Toy Experiment
min

θ
𝔼p(b|θ)∥Pb − Pt∥2

F



Order-based Causal Structure Learning

min
θ

𝔼p(b|θ)Q̂(b, X)



Outcomes of the talk

•We derived stochastic gradient estimator which 

• allows optimization w.r.t. permutations for arbitrary function  
• has low variance 

•More details at arXiv: http://bit.ly/arx1v 
• Code is available: http://bit.ly/g17hu8
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